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Abstract 

The Sperner and Tucker lemmas are combinatorial analogous of the Brouwer and 
T— I Borsuk - Ulam theorems with many useful applications. These classic lemmas are con- 

cerning labellings of triangulated discs and spheres. In this paper we show that discs 
and spheres can be substituted by large classes of manifolds with or without boundary. 
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1 Introduction 



Sperner's lemma is a statement about labellings of triangulated simplices (rf-balls). It is a 
discrete analog of the Brouwer fixed point theorem. 

Let T be a triangulation of a PL manifold M'^. Suppose that each vertex of T is assigned 
a unique label from the set {1,2, . . . ,n}. Such a labelling is called a n-labelling of T. We 
^ say that a (i-simplex in T is a fully labelled simplex or simply a full cell if all its labels are 
> distinct. 

^ Sperner's lemma ^13j states: 

QQ Every Sperner labelling of a triangulation of an d- dimensional simplex contains a cell labelled 



with a complete set of labels: {1, 2, . . . , + 1}. 



There are several extensions of this lemma. One of the most interesting is the De Loera 
- Petersen - Su theorem. In [3] they proved the Atanassov conjecture [1]: 
Let P be a d-dimensional polytope with vertices vi, . . . , Vn- Let T be a triangulation of P. Let 
. ^ L : V{T) — >■ {1,2, . . . ,n} be a (Sperner) labelling such that L{vi) = i and if v E V{T) lies in 
^ a face F of P, then L{v) = i, where Vi is one of the vertices of F. 

Then there are at least n — d fully-colored (i.e. with distinct labels) d-simplices of T . 

Meunier [7] extended this theorem: 
Let P'^ be an embedded in d-dimensional PL manifold with boundary B. Suppose B has 
n vertices fi,. . . Let T be a triangulation of P. Any Sperner labelling of T contains at 



*This research is supported by the Russian government project 11.G34.31.0053 and NSF grant DMS 
1101688. 



1 



least n + [minj(deg5 — d — 1 fully-labelled d-simplices such that any pair of these 

fully-labelled simplices receives two different labellings. 

Here degsiv) is the number of edges of B which v belongs to. 

A discrete version of the Borsuk-Ulam theorem is Tucker's lemma [14j: 
Let T he an antipodal triangulation of the d-sphere S'^. Let 

L : V{T) {+1, -1, +2, -2, . . . , +d, -d} 

be an equivariant (or Tucker's) labelling, i.e. L{—v) = —L{v)). Then there exists a comple- 
mentary edge in T such that its two vertices are labelled by opposite numbers (see [HI Theorem 
2.3.1]). 

This lemma was extended by Ky Fan P]: 
Let T be an antipodal triangulation ofS"^. Suppose that each vertex v ofTis assigned a label 
L[v) from {±1, ±2, . . . , ±n} in such a way that L{—v) = — L(f ). Suppose this labelling does 
not have complementary edges. Then there are an odd number of d-simplices of T whose 
labels are of the form {ko, —ki, k2, ■ ■ ■ , {—lYkd} , where 1 < ko < ki < . . . < kd < n. In 
particular, n > d -\- 1. 

In this paper we consider extensions of the Sperner, De Loera - Petersen - Su, Tucker and 
Fan theorems for manifolds. We show that for all cases (i-balls and spheres can be substituted 
by (i-manifolds with or without boundary. 

2 Extensions of Sperner's lemma for manifolds 

Throughout this paper we consider piecewise linear (PL) d-dimensional manifolds Af^. M is 
called a PL manifold if it is a topological manifold together with a piecewise linear structure 
on it. Every PL manifold M admits a triangulation: that is, we can find a collection of 
simplices T of dimensions 0,1, ... ,d, such that (1) any face of a simplex belonging to T also 
belongs to T, (2) any nonempty intersection of any two simplices of T is a face of each, and 
(3) the union of the simplices of T is M. 

We consider here only two types of manifolds: closed or compact manifolds with bound- 
aries. (A manifold M is called closed if it is a compact manifold without boundary.) 

Definition. Let ikf^ be a closed d-dimensional PL manifold with vertices V = {vi, . . . , w„} 
and faces {Fi} of dimension from 1 to d. Let T be a triangulation of M such that for any 
face Fi it is a triangulation of Fj. Suppose that the vertices of T have a labelling satisfying 
the following conditions: each vertex Vk of V is assigned a unique label from {1,2, . . . ,n}, 
and each other vertex t> of T belonging to a face Fi with vertices V{Fi) := {t>jj, . . . 
from V is assigned a label of one of the vertices of V{Fi). Such a labelling is called a Sperner 
labelling of T. 

Let P be a set of n points pi, . . . ,pn in M*^. Denote by S{P) the collection of all simplices 
spanned by vertices {pi^, . . . ,Pij^} with 1 < k < d -\- 1. Consider a point a; G M"' and the set 
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Sx{P) of all simplices from S{P) which cover x. In the case if no such simplices we write 
Sx{P) = 0- Let us remove from Sx{P) 7^ all simplices such that its boundary contain x. 
Denote this set of simplices by covp(x) or just by cov(x). 

Definition. Let P := {pi, . . . be points in M"'. Let T be a triangulation of a closed PL 
manifold M™. Let L be an n-labelling of T, i.e. a labelling (map) L : V{T) — {1,2,..., n}. 
If for V G V{T) we have L{v) = i, then set fL,p{v) := pi. Therefore, fL,p is defined for all 
vertices of T. Then it uniquely defines a simplicial (piecewise linear) map fL,p '■ — )■ W^. 

Theorem 2.1. Let P := {pi, . . . C . Suppose x eW^ is such that covp(x) consists of 
d-simplices. Then any n-labelling L of a triangulation T of a closed PL manifold M'^ must 
contain an even number of full cells which are labelled as simplices in covp(x). 

Proof. Actually, a proof easily follows from the well known fact that the degree of a continues 
map of a closed manifold to a manifold is a topological invariant modulo 2 (see, for instance, 
[9]). Indeed, if ?/ e M*^ lies outside of the convex hull of P in R'^, then f£p{y) = 0. Therefore, 
for any point x in R.^ which is a regular value of /l,p, we have \f£\>{x)\ = |/lp(z/)| = 
(mod 2). Thus, the number of full cells which are labelled as simplices in covp(x) is even. □ 

For the classical case n = d + 1 we have the following result (see also [5J): 

Corollary 2.1. Let T be a triangulation of a closed PL manifold M'^. Any {d+ l)-labelling 
ofT must contain an even number of full cells. 

Corollary 2.2. Let M'^ be a compact PL manifold with boundary B. Let B be PL home- 
omorphic to the boundary of a d-simplex (i.e. B = S'^^^). Then any {d + l)-labelling of a 
triangulation T of M which is a Sperner labelling on the boundary B must contain an odd 
number of full cells; in particular, there is at least one. 

Proof. We prove this corollary by induction. It is clear for (i = 1. Let S denotes a (i-simplex. 
Two manifolds M and S can be glued together along B. We denote the new manifold by 



A^. Corollary 2.1 implies that any {d + l)-labelling of any triangulation of has an even 
number of full cells. 

Let us add to vertices of S one more vertex v which is an internal point of S. Let C 
be the "cone triangulation" of S with vertex v. Set L{v) := d + 1. So L is defined on the 
triangulation T U C of A^ and has an even number of full cells. 

Let F denotes the face of B with vertices {1,2,..., d}. Then a is a full cell of C only if 
its facet on i? is a full cell in F. By induction, T on F contains an odd number of full cells. 
Thus, T has an odd number of full cells. □ 



Note that for the case when M is a d-ball Corollary |2.2| is Sperner's lemma. 
It is clear, for the case when P is a d-simplex this theorem is Theorem 3.1. Now we show 
how from Theorem 12.11 follows the De Loera - Peterson - Su theorem. 
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Figure 1: Sperner's lemma for the Mobius strip 



Corollary 2.3. Let X he the vertex set of a convex polytope P in M"^ with n vertices. Let 
M'^ he a compact PL manifold with houndary P. Suppose p eM.'^ is such that covx{p) 7^ 0- 
Then any n-lahelling of a triangulation of M which is a Sperner lahelling on the houndary 
must contain an odd numher of full cells which are lahelled as simplices in covx{p)- 



Proof. This corollary can be proved by the same arguments as Corollary 2.2 □ 



Corollary 2.4. Let P he a convex polytope P in M'^ with n vertices. Let M'^ he a compact 
PL manifold with houndary B which is PL homeomorphic to P. Then any n-lahelling of a 
triangulation of M which is a Sperner lahelling on the houndary contains at least n — d full 
cells. 

If M is a ci-ball, then this statement is the De Loera - Peterson - Su theorem [3| Th. 1] . 

Proof. Actually, a proof of this corollary follows from another theorem from jSJ Th. 4]: Any 
convex polytope P in with n vertices contains a pehhle set of size n — d. (A finite set of 
points [pehhles) in P is called a pehhle set if each d-simplex of P contains at most one pebble 
interior to chambers.) 

Consider a pebble set {pi} of size n — d. Then for i ^ j we have cov(pj) fl cov{pj) = 0. 



Thus Corollary 2.3 guarantee that there are at least n — d full cells. □ 



Remark. In fact, Meunier's proof of his extension of the De Loera - Peterson - Su theorem 
is not based on the "pebbles set theorem" . It is an interesting problem to find an extension 
of this theorem and to derive Meunier's theorem for manifolds from Theorem 12.11 



3 Extensions of Tucker's lemma for manifolds 



Let M be a closed PL-manifold with a free simplicial involution T : M — )■ M, i.e. T^(x) = x 
and T{x) ^ x for all x G M. For any Z2-manifold {M,T) we say that a map / : — )■ M'^ 
is antipodal (or equivariant) if f{T{x)) = —f{x). 

Definition. We say that a closed PL free Z2-manifold {M'^,T) is a BUT (Borsuk-Ulam 
Type) manifold if for any continuous g : M'^ — )■ M'^ there is a point x G M such that 
g{T[x)) = g{x). Equivalently, if a continuous map / : ikf^ — )■ M"' is antipodal, then the zeros 
set Zf := /~^(0) is not empty. 

In [TT| we found several equivalent necessary and sufficient conditions for manifolds to be 
BUT. For instance, M'^ is a BUT manifold if and only if M admits an antipodal continuous 
transversal to zeros map h : M'^ — t- M"' with \Zf \ = 2 (mod 4). 

Let M'^ be a closed PL manifold with a free involution T. Let A be any equivariant 
triangulation of M. We say that 

L : V^(A) ^ {+1, -1, +2, -2, . . . , -d} 

is an equivariant (or Tucker's) labelling if L(T{y)) = —L{v)). 

An edge e in A is called complementary if its two ends are labelled by opposite numbers, 
i.e. if e = uv, then L{v) = —L(u). 

Theorem 3.1. A closed PL free 7j2-manifold M'^ is BUT if and only if for any equivariant 
labelling of any equivariant triangulation of M there exists a complementary edge. 

For the case M = S"^ this is Tucker's lemma. 

Proof. Any equivariant labelling L of a triangulation A of M defines a simplicial map /l : 
A — )■ C^, where C"^ is the crosspolytope in M'' with vertex set {+1, —1, +2, —2, . . . , +d, —d} 
[HI Sec. 2.3]. Indeed, let ei, . . . , be an orthonormal basis of M"'. We define : A — t- M'^ for 
V e V{A) by fiiv) = Ci if L{v) = i and /^(t;) = -e^ if L{v) = -i. In other words, /l = fL,c 
(see Section 2). 

It is easy to see that if L has no complementary edges, then fi-.A—^'R'^ has no zeros. 

Actually the reverse implication can be proved by the same arguments as equivalence of 
the Borsuk-Ulam theorem and Tucker's lemma in [6l 2.3.2], i.e. if there is continuous antipo- 
dal / : M'^ — )■ S"^"^ (i.e. Zf = 0) then can be constructed A and L with no complementary 
edges. (See also Theorem 3.2 ) □ 



Theorem 3.1 and [Til Theorem 2] immediately imply: 



Corollary 3.1. Let M'^ be a closed PL manifold with a free involution T. Then M is a 
BUT manifold if and only if there exist an equivariant triangulation A of M and an equiv- 
ariant labelling of V{A) such that /^^ : A — )■ M'^ zs transversal to zeros and the number of 
complementary edges is Ak + 2, where k = 0,1,2, .. .. 
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Figure 2: Tucker's lemma for the Mobius strip 



Corollary 3.2. Let T be a triangulation of a PL compact manifolds with the boundary 
E>'^^^ . Assume A is antipodally symmetric on the boundary. (That means that the subset of 
simplices of A which are in provides a triangulation od S'^^'^ where if s is a simplex 
then so —s.) Let L : V"(A) — t- {+1, —1, +2, —2, . . . , +d, —d} be a labelling of the vertices of 
T which satisfies L{—v) = —L{v) for all vertices v in . Then there is a complementary 
edge in A. 

Proof. Consider two copies of M: M+ and M_, where for M+ we take a given labelling L 
and for M_ we take a labelling L = {—L), i.e. L{v) = —L{v). Since L is antipodal on the 
boundary S*^"^ the connected sum := Mjj^M with a free involution I : N ^ N, where 
/(M4.) = M_, is well defined. Since [HI Corollary 1 ] implies that A^ is BUT, from Theorem 



3.1 we have that there is a complementary edge. □ 



Now we extend Theorem 3.1| for n-labelling. 



Theorem 3.2. Let P be a centrally symmetric set of 2n points in M'^. Let points in P be 
equivariantly labelled by {+1, —1, +2, —2, . . . , +n, —n}. Let M'^ be a closed PL manifold with 
a free involution. Then M is a BUT manifold if and only for any equivariant triangulation 
A of M and for any equivariant labelling L : V{A) — i- {+1, —1, +2, —2, . . . , +n, —n} there 
exists a k-simplex s in A, < k < d, which is labelled as a k-simplex in M'^ with vertices in 
P and which is contained 0, i.e. /ip(0) E s. 
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Proof. If M is BUT, then fi^p has zeros, i.e. there is a simplex s as required. 

Suppose M is not BUT. Then there is a continuous antipodal h : M'^ — )■ S'^^^. Let Q 
denotes the boundary of the convex hull of P in M'^. Since Q is PL homemorphic to S'^^^, 
can be approximated by a PL antipodal h : Af^ — )• Q. This map gives a labelling L with 
/l,p(0) = 0) contradiction. □ 



4 Radon partitions and Fan's lemma for manifolds 



In this section we show that Ky Fan's lemma for manifolds follows from Theorem 3.2 

Radon's theorem on convex sets states that any set S of d + 2 points in M*^ can be parti- 
tioned into two (disjoint) sets A and B whose convex hulls intersect. Moreover, if rank(S') = d, 
then this partition is unique. The partition S = A[J B is called the Radon partition of S. 

Breen [2] proved that if 5* is a ((i-|-2)-subset of the moment curve Cd in M.'^, then S = A[JB 
is the Radon partition if and only if A and B alternate along Cd- Actually, Breen's theorem 
can be extended for convex curves in M'^. 

We say that a curve K in M'^ is convex if it intersects any hyperplane at no more than d 
points. 

It is well known that the moment curve Cd is convex. In flUl Sec. 3] considered several 
other examples of convex curves. 

Definition Let K = {x{t) = {xi{t), . . . , Xd{t)) : t E [a, b]}. Let 5* = . . . , x{td+2)} C 

M'^, where a < ti < ^2 < • • • < td+2 < b. We say that A and B alternate along K if S = A[j B 
is the Radon partion and A = {x(ti), xit^), . . .}, B = {x{t2), xit^), . . .}. 

Theorem 4.1. A curve K in is convex if and only if for any {d + 2)-subset S of K its 
Radon partition sets A and B alternate along K . 

Proof. Let K be convex and S = {x(ti), . . . ,x(td+2)} be a (rf + 2)-subset of K. Let Af]B 
be the Radon partition of S. In the case if A and B not alternate along K there is at most 
d points P = {x{Ti)} which separate A and B on K. If r = \P\ < d, we add to P d — r 
points x{t) with r G (a,ti). Then P defines a hyperplane H passes through the points in 
P. Clearly, H separates A and B in M*^. Thus, Af]B cannot be the Radon partition of S, a 
contradiction. 

Suppose for any (d + 2)-subset S* of i^' its Radon partition sets A and B alternate along 
K. If K is not convex, then there is a hyperplane H which intersects K at r > d + 1 
points. Therefore, H separates K into r + 1 connected components Ci, . . . , Cr+i- Let S = 
{x(ti), . . . , x(td+2)}, where x(ti) G Ci. Since A and B which alternate along K are separated 
by H the partition S = A[J B is not Radon's - a contradiction. □ 

Corollary 4.1. Let gi, . . . , g„ be points on a convex curve K in . Let pi = [qi, 1) G M'^. 
Denote by P{n, d) a convex polytope with vertices {pi, — pi, . . . ,Pn, ~Pn\- Then the origin G 
P(n, d)is covered by edges {pi, —pi) and by d-simplices with vertices pkg, —pki, ■ ■ ■ , {—^YPkd 
and -pko,Pkj_, • • • , {-ly^'^Pka, where 1 < ko < ki < . . . < kd < n. 
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Proof. Clearly, G {—pi,Pi)- Let A be a simplex formed by vertices of P{n, d). Let V^(A) = 
A[J{—B), where A and B are vertices with Xd = 1- It is easy to see that G A if and only 



if conv(A) f^conv(i?) = 0, i.e. S = A[J B is the Radon partition of S. Then Theorem 4.1 



implies that A and B alternate along K. It proves the corollary. □ 



If we apply Theorem 3.2 for P = P{n,d), then Corollary 4.1 implies the following theo- 
rem. 

Theorem 4.2. Let M'^ be a closed PL BUT manifold with a free involution. Let A be 
any equivariant triangulation of M. Let L : V^(A) — )■ {+1, — 1, +2, — 2, . . . , +n, — n} be an 
equivariant labelling. Then there is a complementary edge or an odd number of d-simplices 
whose labels are of the form {ko, —ki, k2, ■ ■ ■ , {—lYkd}, where 1 < ko < ki < . . . < kd < n. 

For the case M = S*^ this is Fan's combinatorial lemma [1]. 



5 Sperner and Tucker's type lemmas for the case d < m 

Now we consider extensions of the polytopal Sperner and Tucker lemmas for the case when 
d = dimP < dimM = m. In this case the set of fully-colored (i-simplices defines certain 



(m — (i)-submanifold S of M. Actually, a natural extension of Theorem 2.1 is that S is 
cobordant to zero. We also consider the Tucker lemma in terms of Z2-cobordisms. 

An m-manifold M™ is called null- cobordant (or cobordant to zero) if there is a cobordism 
between M and the empty manifold; in other words, if M is the entire boundary of some 
(m + l)-manifold. Equivalently, its cobordism class is trivial. 

Definition. Let T be a triangulation of a closed PL manifold M™. Let L be an n-labelling 
of T. Let C be a collection of n-labelled simplices of dimension d < m. Now we define a 
simplicial complex S{L,C). 

Let V be the set of (i-simplices of T which have the same labelling as simplices of C. We 
take V as the set of vertices of S{L, C), i.e. V{S{L, C)) := V. All other simplices of S{L, C) 
are defined by the following rule: a set of vertices Si, . . . , s^+i G V forms a fc-simplex in 
S{L, C) if simplices Si, . . . , Sk+i G T have a common [d — /c)-simplex a E T. 

Lemma 5.1. Let T be a triangulation of a closed PL-manifold M^. Let L be an n-labelling 
of T. Then for any collection C of n-labelled simplices of dimension d < m the complex 
S{L,C) is PL-homeomorphic to a subcomplex of M. 

In particular, if P = C M"^, y G M.'^, C = covp{y), and covp{y) consists 

of d-simplices, then S{L,C) is PL homeomorphic to /j^^p(y)- Moreover, S{L,covp{y)) is a 
closed manifold of dimension m — d. 

Proof. The first part of the lemma follows from the following construction: 
For any (i-simplex Si eV take an internal point f j. Let the set of points {vi} be the vertices 
of a complex Q C M. If Si and Sj from V have a common {d — l)-simplex, then we join Vi 
and Vj by the edge Cij. If three simplices Sj, Sj and Sk have a common {d — l)-simplex, then 
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we add to Q a triangle (2-simplex) Ujk. We can continue this process up to dimension n — d. 
It is clear that Q is PL-homeomorphic to S{L,C). 

Since covp{y) consists of (i-simplices, the map f^^p : M — )■ M'' is transversal to y. Then 
R := fi\,{ii) is a closed {d — m)-submanifold of M. If we take as the vertex Vi an internal 
point from Si fl -R, then we obtain that Q and R are PL-homeomorphic. □ 

Theorem 5.1. Let P = {pi, . . . be a set in Mf^. Suppose y E M.'^ is such that covp(y) 
consists of d-simplices. Then for any n-labelling L of a triangulation T of a closed PL- 
manifold M the manifold S{L,covp{y)) is null-cobordant. 

Note that in the case d = m the theorem yields that S{L, C) consists of even number of 



points (see Theorem 2.1). 
Proof. Let 

W := M X [0, 1], Mo := M X {0}, and Mi := M x {1}. 

Let /o := fL,p '■ Mq — M'^ and fi{x) = q for any x G Mi where q ^ y he a point in W^. 

Note that /o and fi are PL maps transversal to y (or generic with respect to y). In other 
words, 1/ is a regular image for fi. It is well known that maps fi : Mj — )■ M*^ can be extended 
to a regular (transversal to y) PL map F : W ^ M.'^ such that F\mo = /o and F\mi = fi- 
(For instance, see our equivariant extension of this fact [HI Lemma 3].) Then Zp := F~^{y) 
is a manifold of dimension {n + 1 — d). 

Denote Zi := Zpf]Mi = f~^{y), i = 0,1. From Lemma 5.1 follows that Zq is PL- 
homeomorphic to S{L,covp{y)). It is clear, Zi is empty. Thus, Zq is the boundary of Zp, 
i.e. is null-cobordant. □ 

The case when P is the set of vertices of a ci-simplex in M"' immediately implies 

Corollary 5.1. Let T be a triangulation of a closed PL-manifold M^. Let L be an {d+ 1)- 

labelling ofT, where d < m. Let C be a fully labelled d- simplex. Then S{L, C) is a cobordant 
to zero. 

Let M be a closed PL-manifold with a free simplicial involution T : M ^ M. We consider 
here antipodal (or equivariant) maps / : — )■ M'', i.e. f{T{x)) = —f{x), with m < d. 

Now we extend the BUT manifolds. 
Definition. We say that a closed PL free Z2-manifold {M"^,T) is a BUTm ,^ if for any 
continuous g : M"^ — )■ there is a point a; G M such that g{T{x)) = g{x). Equivalently, if 
a continuous map / : M"^ — t- M"' is antipodal, then the zeros set Zf := /~^(0) is not empty. 

In our paper [TT] we found a sufficient condition for (M™, T) to be a B\JTm,d- Let 91=,, (Z2) 
denote the unoriented cobordism group of free involutions. Then 91=,, (Z2) is a free 9^*-module 
with basis [S", A], n > 0, where [§", A] is the cobordism class of the antipodal involution on 
the n-sphere. Thus, each Z2-manifold can be uniquely represented in ^^{'^2) in the form: 



[M,T] = ^[y'=][§™-^A]. 



k=0 
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We have the following theorem 

Theorem 5.2 ([llj, Corollary 5.2). Let [M™,T] = [1/°] A] + [V^][S"'-\A] + ... + 
[V^"*][S°,A] in 9Tm(^2) with [y™-"] ^ m OTm-n; where m > n > d. Then for any an- 
tipodal continuous f : M™ — t- M'^ i/ie sei zs not empty, i.e. {M"^,T) is BUTm,d 

Any equivariant labelling L of a triangulation A : V{A) — )■ {+1, —1, +2, —2, . . . , +d, —d} 
of M defines a simplicial map /l : A — )■ C'', where C"^ is the crosspolytope in M.'^ (see Section 
3). It is easy to see that if L has no complementary edges, then : A — )■ M*^ has no zeros. 
It implies the following theorem. 

Theorem 5.3. Let m > d. Let A be any equivariant triangulation of a BUTm,d manifold 
{W^.T). Let 

L : V{k) {+1, -1, +2, -2, . . . , +d, -d} 

he any equivariant labelling of A. Then there exists a complementary edge in A. 

This theorem is an extension of Theorem 3.1. It is not hard for the case m > d to extend 
other theorems and corollaries from Sections 3 and 4. 

Acknowledgment. I wish to thank Arseniy Akopyan and Frederic Meunier for helpful 
discussions and comments. 
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